Let Γ be the hyperbola {(x, y) ∈ R 2 : xy = 1} and Λ β be the lattice-cross defined by Λ β = (Z × {0}) ∪ ({0} × βZ) in R 2 , where β is a positive real. Then Hedenmalm and Montes-Rodríguez has shown that (Γ, Λ β ) is a Heisenberg uniqueness pair if and only if β ≤ 1. In this paper, we show that for a rational perturbation of Λ β namely,
Introduction
The notion of the Heisenberg uniqueness pair has been introduced by Hedenmalm and Montes-Rodríguez as a version of the uncertainty principle, that is, a nonzero function and its Fourier transform both cannot be too small simultaneously, for the details see ( [3] , [8] ). In [9] , Hedenmalm and Montes-Rodríguez propose the following. Let Γ be a finite disjoint union of smooth curves in R 2 and Λ be any subset of R 2 . Let X(Γ) be the space of all finite complex-valued Borel measures µ in R 2 which are supported on Γ and absolutely continuous with respect to the arc length measure on Γ. For (ξ, η) ∈ R 2 , the Fourier transform of µ is defined by (1.1)μ(ξ, η) = Γ e πi(x·ξ+y·η) dµ(x, y). (ii) Let T : R 2 → R 2 be an invertible linear transform and T * be its adjoint. The pair (Γ, Λ) is a HUP if and only if the pair (T −1 Γ, T * Λ) is a HUP.
For ζ ≡ (ξ, η) ∈ Λ, define a function e ζ on Γ by e ζ (x, y) = e πi(xξ+yη) . As an equivalence problem, Hedenmalm and Montes-Rodrguez (see [9] ) have proved the following density result which is related to the one-dimensional Klein-Gordon equation.
Dual condition for HUP. The pair (Γ, Λ) is a HUP if and only if the set {e ζ : ζ ∈ Λ} spans a weak-star dense subspace of L ∞ (Γ).
In [9] , Hedenmalm and Montes-Rodríguez give necessary and sufficient conditions for (Γ, Λ) to be a HUP for the hyperbola. Next, we state the main result of this paper which is a variant of Theorem 1.2.
be the hyperbola and Λ θ β be the lattice-cross
where β is a positive real and θ = 1/p, for some p ∈ N. Then Γ, Λ θ β is a Heisenberg uniqueness pair if and only if β ≤ p.
As a corollary to Theorem 1.3 the following result holds. A lot many examples of Heisenberg uniqueness pair have been obtained in the setting of the plane as well as in the higher dimensional Euclidean spaces. For more details see ( [1] , [2] , [5] , [6] , [7] , [10] , [11] , [12] , [13] , [14] , [15] , [16] ).
Proof of the main result
Let Γ = {(x, y) ∈ R 2 : xy = 1} be the hyperbola in the plane. For
In view of (1.1), the Fourier transform of µ can be expressed asμ
By the duality, Theorem 1.3 is equivalent to the following density result. 
Proof of the necessary condition of Theorem 2.1. A function in L ∞ (R) can be extended harmonically and boundedly to C + by the point evaluation functional which is defined through the Poisson kernel. We extend the functions e p n ; n ∈ Z and e β n ; n ∈ Z harmonically and boundedly to the upper half-plane C + = {z ∈ C : Imz > 0} by letting
and e β n (z) = e πinβ/z , Imz ≥ 0, n ≥ 0 e πinβ/z , Imz ≥ 0, n < 0.
Thus we get the space of all bounded harmonic functions e p n (z), e β n (z); n ∈ Z in C + . Since the bounded harmonic functions in C + separate the points of C + , if there exist two distinct points z 1 , z 2 ∈ C + such that (2.1) e p n (z 1 ) = e p n (z 2 ) and e β n (z 1 ) = e β n (z 2 ) for all n ∈ Z, then the weak-star closure of the linear span of the functions e p n , e β n cannot be equals to L ∞ (R).
, Lemma 1.5), with m = n = 1, a = 2p and b = 2/β, we get that
If we assume that p < β < +∞, then z 1 , z 2 are points in C + which satisfying (2.1). Thus the condition 0 < β ≤ p is necessary for Γ, Λ θ β to be a Heisenberg uniqueness pair.
2.1.
Proof of the sufficient condition of Theorem 2.1. To prove Theorem 2.1, we need the following interlude. Since the proof of the necessary condition of Theorem 2.1 shows that for p < β < +∞, the weak-star closure of the linear span of the functions e p n , e β n cannot be equals to L ∞ (R), in the remaining part of the proof we assume 0 < β ≤ p.
A Gauss-type map. For u ∈ R, the expression {u} 2 is the unique number in (−1, 1] such that u − {u} 2 ∈ 2Z. We will consider a Gauss-type map τ on the interval (−p, p], which is topologically equivalent to R/2pZ. The map τ is defined by letting
Observe that, for j ∈ Z * = Z \ {0}, the map τ can be express as
and hence τ :
Next, for our purpose we need to define the map U : (−p, p] → (−p, p] by
Invariant measures for Gauss-type map. If ϕ is a continuous 2p-periodic function on R and ν is a finite complex-valued Borel measure on (−p, p], then the integral
is well-defined. Any finite complex Borel measure ν on (−p, p] is U-invariant provided that
holds for all pseudo-continuous test functions ϕ. Notice that
In addition, given λ ∈ C, any finite complex Borel measure ν on (−p, p] is (U, λ)-invariant provided that
holds for all pseudo-continuous test functions ϕ, that is,
Also, for |λ| > 1, there are no (U, λ)-invariant measures except for the zero measure.
Invariant measure of infinite mass. Consider the positive σ-finite measure on (−p, p] which has infinite mass by letting
Then the following calculations shows that the measure ω is U-invariant. Notice that,
Thus ω satisfying ω = ω(0)δ 0 + j∈Z * ω j .
Let |U| : [0, p] → [0, p] be the map |U|(x) = |U(x)|. It can be shown that the measure ω is |U|-invariant. Also |U| is ergodic. As a consequences of the Birkhoff's ergodic theorem and following the similar line of proof of ([9], Proposition 2.4), we infer that :
Suppose λ ∈ C with |λ| = 1 and that ν is an absolutely continuous finite complex (U, λ)-invariant Borel measure on (−p, p]. Then ν is zero.
For 0 < β < p, define the Gauss-type map τ β be the map τ β (0) = 0, and for x = 0,
Let us define the map U β : (−p, p] → (−p, p] which is associated to τ β by letting U β (x) = pτ β (x). Next result deals with the situation that when a finite complex Borel measure on (−p, p] is (U β , λ)-invariant.
holds for all pseudo-continuous test functions ϕ on (−p, p]. Observe that
The sum space. 
The composition operator. Observe that the functions in L ∞ p (R) may be defined freely on (−p, p], and due to periodicity, they can be uniquely determined on R \ (−p, p]. Similarly, the functions in L ∞ β (R) may be defined freely on R \ (−β, β], and due to periodicity, they can be uniquely determined on (−β, β]. For E ⊆ R, the function χ E denotes the characteristics function of E on R. In view of the above facts, we can define the operators S, T β as follows.
The operator S : 
The Koopman operator. For 0 < β ≤ p, consider the weighted Koopman operator C β : L ∞ ((−p, p]) → L ∞ ((−p, p]) associated to U β be the map
where x ∈ R. The predual adjoint C * β of C β be the Perron-Frobenius operator P β : L 1 ((−p, p]) → L 1 ((−p, p]) given by
The operator P β is linear and norm contraction, that is, Proof. The above identity shows that if both the operators I + C β and I − C β have weak-star dense range, then we are done. For λ = ±1, the weak-star closure of the range of λI − C β equals to L ∞ ((−p, p]) if and only if the predual adjoint λI − P β :
has null kernel. Therefore, it remains to show that both ±1 are not eigenvalues of P β .
Since σ point (P β ) ⊆D, we need to show that λ ∈ C with |λ| = 1 cannot be an eigenvalue of P β . Hence dν(x) = ψ(x)dx is a nontrivial absolutely continuous finite Borel measure which is (U, λ)-invariant. By Proposition 2.2, we infer that ν = 0, whenever |λ| = 1. Thus |λ| = 1 is not an eigenvalue of P p .
Case 2. Assume that 0 < β < p and recall the dual relation for C β , we get β (x) ∈ (−β, β] for k = 0, · · · , n − 1} and U (k) β be the k-th iteration of U β . Finally, for the larger n, that is, n → ∞, the set E β (n) reduced to E β (∞) = {x ∈ (−p, p] : U (k) β (x) ∈ (−β, β] for k = 0, 1, 2, · · · }. The set E β (∞) is U β invariant and it has zero length. Hence an absolutely continuous measure ν vanishes almost everywhere on (−p, p]. Thus we conclude that λ ∈ C, |λ| = 1 is not an eigenvalue of P β .
Finally, we shows that for 0 < β ≤ p, the sum space is weak-star dense in L ∞ (R) by using the fact that the operator I − T β S has weak-star dense range.
Proof of Theorem 2.4. The proof is similar to the proof of ([9], Lemma 5.2), hence omitted. This completes the proof of Theorem 2.4.
